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Abstract---Consider the nonautonomous delay logistic difference equation 
/kyn=pnyn(1--Yn~k'-"--~"), n=0,1  ... . .  (1.1) 
where {Pn}n>_o is a sequence of nonnegative r al numbers, {kn}n>_o is a sequence of positive integers, 
{n - kn) is nondecreasing, limn--.co(n - kn) -- vo, and ,k is a positive constant. We obtain new 
sufficient conditions for the global attractivity of the equilibrium ~ of equation (1.1), which improve 
some recent results established in [1]. © 1999 Elsevier Science Ltd. All rights reserved. 
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I .  INTRODUCTION 
Recently, there has been an increasing interest into the study of the asymptotic behavior of 
solutions for delay difference quations. See, for example, [2-6]. In a recent paper, Chen and 
Yu [1] studied the global attractivity of the equilibrium ~ of the delay logistic difference quation 
Z~yn = pnyn (1 Yn-k. ) , n---- 0,1,..., (1.1) 
where Z~ is the forward difference operator defined by/kyn = Yn+1 --Yn, {Pn}n>_O is a sequence of 
nonnegative real numbers, {kn}n>o is a sequence of positive integers, {n - kn} is nondecreasing, 
l imn-~oo(n- kn) = co, and A is a positive constant. The following theorem was established in [1]. 
THEOREM CY.  (See p]) Suppose that 
n 
l imsup E p'  < 1, (1.2) 
1~"~OO . z=n--kn 
and 
oo 
Z Pn =00. 
'n,=O 
Then all positive solutions o£ equation (1.1) tend to ~ as n -~ co. 
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Typeset by ~V~-I~_~ 
58 Z. ZHOU AND Q, ZHANG 
In the opinion of the authors of [1], the conclusion of Theorem CY remains true if the right-hand 
side of (1.2) is replaced by 1. 
Our aim in this paper is to prove that the right-hand side of (1.2) may be replaced by some 
constant greater than 1. For the oscillation of equation (1.1), we refer to [7-9]. For the general 
theory of the difference quations, the reader is referred to [10-13]. 
Let r = k0. By a Solution of equation (1.1) we mean a sequence {Yn} which is defined for 
n > - r ,  and which satisfies (1.1) for n > 0. It is clear that if a-, . ,a-r+l, . . . ,  ao are r + 1 given 
constants, then equation (1.1) has a unique solution satisfying the initial conditions 
Yi = ai, for i = --r, --r + 1 . . . .  ,0. (1.4) 
Motivated by possible applications of equation (1.1), in what follows we only consider solutions 
of equation (1.1) with Yn > 0 for every n > 0. 
Equation (1.1) can be looked upon a discrete analogue of the following delay logistic equation: 
N' ( t )=r ( t )N<t) (1  N<t--T<t))) 
, 
which has been investigated by several authors; see [14-18]. 
In this paper, we establish the following theorems. 
THEOREM 1.1. 
n > 0, and 
t > 0, (1.5) 
Assume that (1.3) holds. There is a nonnegative integer k such that kn <_ k for 
n 
limsup E pi < Otk' (1.6) 
n.-.-~oo i=n-kn  
where ak is the unique positive solution of the equation 
X.___...~2 k+l  
1+1= 1+ ~ (1.7) 
x 2(k  + 2)/ " 
Then all positive solutions of equation (1.1) tend to A as n ~ oo. 
THEOREM 1.2. Assume that (1.3) holds and that {kn} is unbounded. If 
limsup ~ Pi < a, (1.8) 
n---+O0 i=n- -kn  
then all positive solutions of equation (1.1) tend to A as n --+ c~, where a is the unique positive 
solution of the equation 
1 +1 =exp(~)  (1.9) 
X 
By a simple computation, we can see that {ak}k>0 is a decreasing sequence which satisfies 
limk-.oo ak = a and a, ak E (1.12, 41/3] for k > 0. Therefore, we prove that the right-hand side 
of (1.2) can be replaced by ak (or a) which is greater than 1. Clearly, the above theorems greatly 
improve Theorem CY. 
EXAMPLE 1.1. In equation (1.1), let 
Since 
P0 = Pl = 0.4, P2 = 0.3, and Pn+3 : Pn, for n > 0, 
k0=2,  k1=1,  and kn+~=kn,  fo rn>0.  
rL 
limsup p ,=11> 1 
n"'-~O0 i~n- -kn  
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which implies that (1.2) does not hold. But 1.1 < 1.12, and clearly (1.3) holds. Therefore, by 
Theorem 1.1 or 1.2, all positive solutions of equation (1.1) tend to A as n --- co. 
For the sake of convenience, throughout this paper, we shall use the convention 
J J 
~-'~pn=O and 1-Iv,,-1, 
n=i n-~i 
whenever j < i - 1. 
2. PROOFS OF THEOREMS 
LEMMA 2.1. Assume that (1.3) holds; then every positive nonoscillatory solution of equation (1.1) 
about A tends to A as n --, c¢. 
Lemma 2.1 is established by Philos in [7]. 
LEMMA 2.2. I[ [or some positive constant M, 
limsup ~ pi < M, (2.1) 
n---*O0 ~rt--kn 
then every positive solution of equation (1.1) is bounded above. 
PROOF. Assume that {Yn} is a positive solution of equation (1.1). If {Yn} is nonoscillatory 
about A, by Lemma 2.1, we know {Yn} is bounded above. Now suppose {Yn} is oscillatory 
about A. In view of (2.1), there exists an integer sx satisfying Sl - ks1 >_ 0 such that 
Z Pi -< M, for n > s]. (2.2) 
i=n-k,~ 
If {Yn} is unbounded above, then there is an integer s2 _> Sl -[- 1 such that 
Ys2 > )~eM, Ys2 > Ys2-1. (2.3) 
By (1.1), we know y82_l_k.2_ 1 < ~, there is an integer fi satisfying 
S2-- 1 -k82_1 ~ fi ~ s2 -  1, yrs'_A, y j>A,  fo r j=f i+ l , . . . , s2 .  
By (1.1), we get 
Thus by (2.2), we have 
Yn+I =1 +p, (1  Yn-k.)  (2.4) 
Yn A " 
s2--1 
Ys2 =Yn H ( l+p,  (1 -  ~ 
j--n 
s2--1 
__A H (I -+-pj) 
~ (1+ 
1 s2-1 ~ ks2-x+l 
X-" ) k,2_1 + 1 pj j----s2-1-k.2_ l 
M ~ k'2-1+1 < AeM. 
ks2-1 + 1 ] 
This contradicts with (2.3). So {Yn} is bounded above and the proof of Lemma 2.2 is complete. 
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PROOF OF THEOREM 1.1. Assuming that {Yn}n>_-r is a positive solution of equation (1.1), we 
shall prove that 
lim Yn = A. (2.5) 
n --*O¢:) 
If {Yn} is nonoscillatory about )~, by Lemma 2.1, we see that (2.5) holds. Now, we assume that 
{Yn} is oscillatory about )~. Let Xn = Yn/)~, then {xn} is a positive oscillatory solution about 
equilibrium 1 of the equation 
So (2.5) is the same as 
AXn = pnXn (1 - Xn-k,,). (2.6) 
ni_>n*, Xn, >1,  AXn,-X >0,  i= l , . . . ,  l imni=cx) ,  .limxn~ =u,  (2.10) 
i---*OO ¢--*OO 
mi > n*, xm, < 1, /~Xrni--1 < O, i = 1, . . . ,  lim mi = oo, lim Xm, = v. (2.11) 
$"'~ O0 ~ ""~O0 
By (1.6), there exist positive constant b < ak and positive integer n* such that 
Z Pi < b, n > n*. (2.8) 
i=n-kn  
In view of Lemma 2.2, we see that {Xn} is bounded. 
Let 
u = limsupxn, v = liminfxn. (2.9) 
n--~OO n--*OO 
Then 0 < v < 1 < u. There exist two increasing sequence of integers {ni} and {mi} such that 
For each i, since Axn,-1 > 0, by (2.6), Xn,-1-k,,_l  < 1, there is integer n~ satisfying 
ni - 1 - kn,-x -< n* < ni - 1, 
There is ~ E [0, 1) such that 
By (1.1), we have 
xn; <_1, xj >1, for j =n~ + l , . . . ,n i .  
lnx,q + ~i (lnx,~;+x - lnxn;) = O. 
lnx=+l - lnxn = In (1 + Pn (1 - xn-k,)) • 
For each e E (0, 1), by (2.9), there is an integer i~ > n* such that 
V - -  ~. ~ Xn_k ,  ~ ~ ~ -'1- ~, n - -  ~1" ~ "* 
Letting i~ be an integer satisfying i2 - 1" - kq-1 >_ i~ + 1, we shall show that 
( ~;-1 ) 1 -z3_k j _<(1-v+e) .  ~ Pt+(iPn~ , n~_<j_<n i -1 ,  i_>i~. 
\ t=j -k ,  
(2.12) 
(2.13) 
{2.14) 
(2.15) 
(2.16) 
lira xn = 1. (2.7) 
rt -"~00 
Globa l  Attractivity 61 
In fact, for n* _< j _< ni - 1, i _> il, 
n~-I  
- lnxj -k j  = -lnxn* + Z (lnXt+l - lnxt)  
tfj-k~ 
--~,(Inx.z+1-1nx,~;)+ ~ (Inxt+1-1nxt) 
t=j-kj 
,q-1 
=~iln(l+pn~ (1-Xnz-k.;))+ Z ln( l+pt(1-xt_k, ) )  
t=j-kj 
<~iln(l+pn;(1-v+e))+ Z l n ( l+pt (1 -v+e) )  
t f j - k j  
( ( )) 1 -v+e <_(n;-j+kj+~,)ln l+n . -~k j+~ ' ~,Pnz+ Z Pt • 
t=j-k# 
Thus 
( ( )) xj-k~_>exp --(1--v+e) ~iP,; + E Pt 
t=j-kj 
,71  ) 
>1-(1 - .+~)  ~,p.~+ ~ pt , 
t=j-k~ 
which implies (2.16). 
Since by (2.13) 
nl - 1 
Inxn~ =(l-~i)(ln(xn~+l-lnxn~)) + Z (Inxn~+a-lnxnj) 
j=n~+l 
n i - I  
=(1-~i ) ( ln ( l+p.z  (1--Xn.-k.;)))+ Z l n ( l+p, (1 -x j _k j ) ) .  
j=n~+l 
Thus, 
1 ln x,, <_" 
n~ - n~ - ~ 
j--n~+l 
Noting that n~ - n~ - ~ _< kn,-1 + 1 < k + 1, we get 
( 1 ( n l 
x., < 1+ (l-~)p.$ + y~ pj(1-xj_~) 
- n i  - n~ - ~ i  j fn~+l 
i 0_~._~..) ÷ Z ,~(~_~,_~) < 1+1--~--  ( l-(~)pn- 
j=.*+l 
(2.17) 
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zni -1  Let di = (1 - ~i)Pn* -1- j=nz+lpj. In view of (2.16), we have 
ni--1 
I i=(1--{i)pn*(1--Xn;-k, ,Z)+ Z p j ( i - -x j -k j )  j=n*+l 
\ t=nr-k.  r
ni--l(n~l ) 
+(1-v+e)  Z PJ Pt+(iPn; • j=n*+l \t=j-kj 
Noticing (2.8), we get 
) +( l -v+~)  ~ p~ b- p~-(l-~,)p~r 
j=n~+l t=n~+l 
. . . . .  ~i) Pn; • (1 v+e) bdi ~d i ~ \j=nz+lp j q- (1 2 2 
Since 
j=n*+l 
we see that 
Since 
n,--1 f n,--1 )2 
p2+(  1 22  1 ~ 1 2 
- ~)  P~ > - h i -n*  ~j=n,+l p j+(1-~i)pn~ -> k+l  di' 
f(x) = bx 
equation (2.18) implies that 
k + 2 .2"~ 
I i _< (1-v-t-e)  bd, 2~--+-~d,). 
k+2 2 k+l  
25-7-U ~ < 2(k + 2---~' 
for x E [0, d], 
Ii_< k+-------~l (1 -v+e)b  2. 
2(k + 2) 
In view of (2.17), we get 
1 x k÷' ( (1:_~+~b2~ k÷' 
Xn, _< 1+~-~--~/~) < 1+ 2(k+2)  ] " 
Letting i ---* co, we have 
(1 -v+e)b2~ k+l 
As e is arbitrary, we see that 
( (1 -  v)b2) k+l 
u< 1+ 2(k+2)  " 
On the other hand, by (2.11), there is integer m~ satisfying 
(2.18) 
(2.19) 
mi - l - km~-i <_ m~ < mi -1 ,  xm7 >_1, xj < 1, fo r j=m~+l , . . . ,m i .  (2.20) 
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Let x~ = max(xn, 1}, by (2.20), for i > i~, 
mi-1 mi--1 
X* :r,m,=Xm; H (l +p.i (1-- Xj_k,)) >_ 1-I (1 -P i ( J - k , - -1 ) )  
j=m7 /=m7 
rni-1 rn1-1 
x* >_1- Z PJ( J-k, -1 )  ->1-  Z p j (uTe-1)  
jfrn 7 j=m~ 
mi-1 
>_1- Z p j (u+e-1)>_ l -b (u+e-1) ,  
j=mi- l-k,ni-1 
which implies v = limi-~oo xm, >_ 1 - b(u + e - 1). Letting e --* 0, we get v _> 1 - b(u - 1), that is 
1-v<b(u-1) .  (2.21) 
Combining (2.19), (2.21), we get 
( b3(u:t'  k+l 
u_< 1 + 2(k + 2) ] (2.22) 
If k = 0, then b < a0 = 41/3, (2.22) implies u < 1. Since u > 1, we see that u = 1, and 
by (2.21), v = 1. 
If k _ 1, let 
( ba(x-- 1--)'~ a+l 
g(x)= 1% 2(k+2) )  -x .  
Then 
k+l  -3 (  b3(x-1)~ k 
g(1)=0,  g ' (x )=2~_~)b  1+ 2 -~)  ] 
We see that g(x) has two zero points in [1, c¢). Let 
-1 .  
uo= 1+2(~+2--------5] < l+-------g~2(~ + 
1 
=1+- - .  
C~k 
Then by (2.19), u < u0 and 
b2 k+l 
g(~o) = (1 + ~-~ / 2(k-----V-- 
< 1 + 2(k ~2)~k - 1 + 2(£~- 2) < o. 
Since g(oo) = oo, we see that g(x) < 0 for x E (1, u0]. Noting 1 < u <_ u0 and by (2.22), 
g(u) > 0, we know that u = 1 and by (2.21), v = 1. In view of (2.9), we know that (2.7) holds 
and completes the proof of Theorem 1.1. 
Since Theorem 1.2 can be proved by a similar method to the proof of Theorem 1.1, we omit 
the proof of Theorem 1.2. 
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